
Standard Method of Differentiation  
 

𝑑

𝑑𝑥
x୬ = nx୬ିଵ 

 

The symbol 
ௗ

ௗ௫
 here means that we are differentiating (with respect to x, as the equation will be made up 

of x-terms). This rule is extremely useful for differentiating expressions and is much faster than 
differentiating from first principles. Differentiation is the process of finding the derivative, or finding an 
expression for the gradient of a function.  
 

For example, let 
𝑓(𝑥) = 5𝑥ଷ + 4𝑥ଶ + 3𝑥 + 2 

We can apply this rule to find 𝑓ᇱ(𝑥) 
𝑓ᇱ(𝑥) = 3 × 5𝑥ଷିଵ + 2 × 4𝑥ଶିଵ + 1 × 3𝑥ଵିଵ + 0 

Simplifying we have 
𝑓ᇱ(𝑥) = 15𝑥ଶ + 8𝑥ଵ + 3𝑥଴ 

Or 
𝑓ᇱ(𝑥) = 15𝑥ଶ + 8𝑥 + 3 
 

This is because 𝑥଴ = 1 and 𝑥ଵ = 𝑥.  
 
If we input 𝑥 = 5 into the expression 𝑓ᇱ(𝑥) then we find 𝑓ᇱ(5) = 15 × 5ଶ + 8 × 5 + 3 = 418, so the 
gradient of the curve 𝑦 = 𝑓(𝑥) is 418 when 𝑥 = 5. 
 
 
Proof 

This method of proof is known as proof by induction. This is a proof in which we establish that if 𝑛 = 𝑘 
is true, then 𝑛 = 𝑘 + 1 is true  
 
Suppose that the above equation is true when 𝑛 = 𝑘  
 

𝑑

𝑑𝑥
x୩ = kx୩ିଵ 

 

Then if 𝑛 = 𝑘 + 1 
𝑑

𝑑𝑥
x୩ାଵ =

𝑑

𝑑𝑥
(x୩ × 𝑥) 

We can then use the product rule1 
𝑑

𝑑𝑥
(x୩ × 𝑥) = 𝑥 ×

𝑑

𝑑𝑥
𝑥௞ + 𝑥௞ ×

𝑑

𝑑𝑥
𝑥 

We already know the derivative of 𝑥௞ and the derivative of 𝑥 can be proven from first principles 
𝑑

𝑑𝑥
(x୩ × 𝑥) = 𝑥 × kx୩ିଵ + 𝑥௞ 

 

 
1 The product rule is used to differentiate an expression where terms are multiplied together. It says that 

ௗ

ௗ௫
𝑢𝑣 =

𝑢
ௗ௩

ௗ௫
+ 𝑣

ௗ௨

ௗ௫
, so if we let 𝑢 = 𝑥௞ and 𝑣 = 𝑥 then 

𝑑

𝑑𝑥
(xk × 𝑥) = 𝑥 ×

𝑑

𝑑𝑥
𝑥𝑘 + 𝑥𝑘 ×

𝑑

𝑑𝑥
𝑥 



This can be simplified 
𝑑

𝑑𝑥
x୩ାଵ = 𝑘𝑥௞ + 𝑥௞ 

Factorising out 𝑥௞ 
𝑑

𝑑𝑥
x୩ାଵ = (𝑘 + 1)𝑥௞ 

So if the result is true for k, it is true for k+1 
If n = 1 

𝑑

𝑑𝑥
𝑥 = 1 = 1 × 𝑥଴ 

So this is equation is true for all positive integers. 

 
 

But what about instances where n is not a positive integer? For example, how would one differentiate 
ଵ

௫
? 

(
ଵ

௫
= 𝑥ିଵ) 

 
There are three instances we need to consider. When 𝑛 = 0, when n is negative (𝑛 = −𝑚) or when n is a 

fraction 𝑛 =
௣

௤
.  

 
When 𝑛 = 0 

𝑑

𝑑𝑥
𝑥଴ =

𝑑

𝑑𝑥
1 = 0 × 𝑥଴ିଵ = 0 

This result agrees with what we find by differentiating from first principles 
 
 
When 𝑛 = −𝑚 
 

𝑑

𝑑𝑥
𝑥ି௠ =

𝑑

𝑑𝑥
(𝑥ିଵ)௠ 

Using the chain rule2 
𝑑

𝑑𝑥
(𝑥ିଵ)௠ = 𝑚(𝑥ିଵ)௠ିଵ × −𝑥ିଶ 

 
𝑑

𝑑𝑥
(𝑥ିଵ)௠ = −𝑚ି௠ାଵ × 𝑥ିଶ 

 
𝑑

𝑑𝑥
𝑥ି௠ = −𝑚ି௠ିଵ 

Which agrees with our rule 
 
 
 

 
2 The chain rule is used to differentiate an expression when there is a function within a function e.g. (𝑥ିଵ)௠ , so if 

we let 𝑢 = 𝑥ିଵ we differentiate with respect to x to get 
ௗ௨

ௗ௫
= −𝑥ିଶ if we let 𝑦 = 𝑢௠  then we can differentiate with 

respect to u to get 
ௗ௬

ௗ௨
= 𝑚𝑢௠ିଵ. The rule is that  

ௗ௬

ௗ௨
×

ௗ௨

ௗ௫
=

ௗ௬

ௗ௫
= 𝑚𝑢௠ିଵ × −𝑥ିଶ  as required 



When 𝑛 =
௣

௤
 

Let 𝑦 = 𝑥
೛

೜ 
Raising both sides to the power q 

𝑦௤ = 𝑥௣ 
Differentiating this3 

𝑞𝑦௤ିଵ
𝑑𝑦

𝑑𝑥
= 𝑝𝑥௣ିଵ 

Re-arranging to give 
ௗ௬

ௗ௫
 

𝑑𝑦

𝑑𝑥
=

𝑝

𝑞

𝑥௣ିଵ

𝑦௤ିଵ
 

Given that 𝑦 = 𝑥
೛

೜ 
𝑑𝑦

𝑑𝑥
=

𝑝

𝑞

𝑥௣ିଵ

൬𝑥
௣
௤൰

௤ିଵ 

Expanding the terms on the denominator 
 

𝑑𝑦

𝑑𝑥
=

𝑝

𝑞

𝑥௣ିଵ

𝑥
௣ି

௣
௤

 

This can otherwise be expressed as  
𝑑𝑦

𝑑𝑥
=

𝑝

𝑞
𝑥

௣ିଵି௣ା
௣
௤ 

And so we have the desired result 
𝑑𝑦

𝑑𝑥
=

𝑝

𝑞
𝑥

௣
௤

ିଵ
 

 
See also 
- Product Rule 
- Chain Rule 
- Implicit Differentiation 
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3 This is implicit differentiation, used when there is no y-term by itself on one side of the equation. You differentiate 

y as though it were an x-term and multiply by 
ௗ௬

ௗ௫
 so 𝑦௤ → 𝑞𝑦௤ିଵ ×

ௗ௬

ௗ௫
 


